Abstract. Inspired by his vanishing results of tautological classes and by Harer's computation of the virtual cohomological dimension of the mapping class group, Looijenga conjectured that the moduli space of smooth Riemann surfaces admits a stratification by affine subsets with a certain number of layers. Similarly, Roth and Vakil extended the conjecture to the moduli spaces of Riemann surfaces of compact type, of Riemann surfaces with rational tails and of Riemann surfaces with at most k rational components. As a consequence of Lefschetz's theorem, Roth-Vakil's conjecture would also imply that the previous (coarse) moduli spaces are homotopy equivalent to cellular complexes of a certain dimension. Using Harer's computation for the moduli spaces of smooth Riemann surfaces, we prove this last statement.
Introduction
Tautological classes, Chow groups and rational cohomology of the moduli spaces of pointed Riemann surfaces have curious vanishing properties, which are not completely understood yet. It seems natural to look for a geometric explanation of these vanishings, namely these moduli spaces "should" be covered by a certain number of open affine sets, or at least "should" have an affine stratification with a certain number of strata. Notice that this number also bounds the maximal dimension of a complete subvariety contained in such a moduli space.
Historically things went the opposite way. In 1974, Arbarello first [Arb74] realized that a stratification of the moduli space M g of Riemann surfaces of genus g could be useful to investigate the geometric properties of M g , starting from the locus of hyperelliptic curves and then climbing the g − 1 layers of his stratification. Ten years later Diaz [Dia84] used a variant of Arbarello's stratification to show that M g cannot contain complete subvarieties of dimension g − 1. Some years later, using similar stratifications, Looijenga [Loo95] proved that the tautological classes in the Chow ring of M g vanish in degree ≥ g − 1, which implies Diaz's result. He also showed that the tautological classes of the moduli space M rt g,n of n-pointed stable Riemann surfaces of genus g with rational tails vanish in degree ≥ g − 1+ n. Then he formulated the following conjecture.
Conjecture 0.1 (Looijenga) . Let g, n ≥ 0 be such that 2g − 2 + n > 0. The coarse space of M g,n has a stratification M g,n = g−δ n,0
i=1
S i with S j = i≤j S i for all j such that each locally closed stratum S i is affine.
The conjecture would be a consequence of the existence of an Zariski open cover of M g,n made of g − δ n,0 affines. On the other hand, one may notice that both Arbarello's and Diaz's stratifications of M g have the right number of strata, while not even conjectural candidates have been proposed for the affines.
We stress that Conjecture 0.1 has much stronger consequences, as it is clear from the following general statement.
Proposition 0.2. Let M be a scheme of finite type of dimension d over the field K and let M = k i=1 S i be a stratification, with S j = i≤j S i for all j, such that each locally closed stratum S i is affine. Then H ŕ et (M ; F) = 0 for all r > d + k − 1 and all F constructible (or torsion, or l-adic) sheaf on M . Moreover, if M is reduced over C, then the associated topological space M top is homotopy equivalent to a CW-complex of dimension at most d + k − 1.
We refer to [RV04] for a proof of the previous proposition and for an extensive discussion on affine stratification and covering numbers and their applications to the moduli spaces of Riemann surfaces.
Looijenga's conjecture can be extended to other partial compactifications of the moduli space M g,n of n-pointed Riemann surfaces of genus g. The most interesting cases are the moduli space M ct g,n of stable Riemann surfaces of compact type (i.e. whose dual graph is a tree), the moduli space M rt g,n of stable Riemann surfaces with rational tails, the moduli space M irr g,n of irreducible stable Riemann surfaces and the moduli space M ≤k g,n of stable Riemann surfaces with at most k rational components.
The interest for last moduli space M ≤k g,n is related to a new vanishing result due to Ionel [Ion02] in cohomology and to Graber and Vakil [GV05] in the Chow ring: it says that tautological classes of M ≤k g,n vanish in degree ≥ g + k, which implies Looijenga's vanishing and Getzler's conjecture [Get98] (which says that ψ i 1 · · · ψ ig = 0 on M g,n ). As a consequence of these investigations, Roth and Vakil [RV04] wondered about the meaning of this new stratification of M g,n by number of rational components and they raised the following question.
Conjecture 0.3 (Roth-Vakil). Let g, n > 0 such that 2g − 2 + n > 0. The coarse space of M ≤k g,n (resp. M rt g,n , M ct g,n ) has an affine stratification made of g + k (resp. g + n − 1, 2g − 2 + n) strata.
Corollary 0.4. Let g ≥ 0 and 2g − 2 + n > 0. The moduli spaces of Riemann surfaces which are irreducible, of compact type, with rational tails or with at most k rational components have the following upper bounds on their virtual homotopical/homological dimension.
Moduli space of stable virtual homotopical virtual homological Riemann surfaces dimension for n > 0 dimension for
The idea is very simple. Deligne-Mumford's compactification M g,n of M g,n has a natural stratification, in which each open stratum M γ parametrizes stable Riemann surfaces of topological type γ. Topological types can be easily encoded in decorated graphs (see Section 3). As the boundary . . , U c } and suppose to know that U i 0 ∩ · · · ∩ U ip is homotopy equivalent to a CWcomplex of dimension d i 0 ,...,ip . Cech-Segal's construction [Seg68] provides us a representative for the homotopy colimit of the system {U • }, built up using only cells of dimension at most max{p + d i 0 ,...,ip }. As the homotopy colimit of {U • } is homotopy equivalent to X, this bounds the homotopical dimension of X.
To deal with a partial compactification of M g,n made of strata {M γ }, we basically adapt Cech-Segal's construction to the orbifold category (see Section 5).
We would like to stress that the particolar role played by rational components, which was noticed by Graber and Vakil, is already present in Harer's result. In fact, for n > 0, the virtual homotopical dimension of M g,n is 4g − 4 + n if g > 0 but n − 3 (and not n − 4 but one more!) if g = 0. This shift appears to be responsible, at least at a topological level, for the virtual homotopical dimension to grow according to the number of rational components. 0.1. Acknowledgments. I would like to thank Enrico Arbarello, John Harer, Jason Starr and Ravi Vakil for valuable discussions on moduli spaces of Riemann surfaces. I also would like to thank Mark Behrens and André Henriques for useful conversations on Cech-Segal construction and orbispaces.
Orbifolds and orbisimplicial complexes
In this section we review some basic material and some notation about orbispaces and orbifolds and we define the virtual homological and homotopical dimensions of an orbisimplicial space. Definition 1.1. A topological groupoid G is a category such that its objects G 0 and its arrows G 1 are topological spaces and:
(1) every arrow x α → y is an isomorphism (2) source and target maps s, t : G 1 → G 0 , the identity map u : G 0 → G 1 , the inverse map i : G 1 → G 1 and the composition m :
A topological space X can be seen as a topological groupoid which has X as objects and only identity maps as arrows.
On the other side, to every topological groupoid G we can associate its underlying coarse space Co(G) := G 0 / ∼ obtained from G 0 identifying isomorphic points.
An elementary map between two groupoids G → G ′ is a continuous functor that commutes with source, target, identity, inverse and composition maps. It is clear that it induces a continuous map Co(G) → Co(G ′ ) between their coarse spaces.
Two maps f, g :
is commutative for all β :
Remark 1.2. It can be shown that a map G → G ′ is an equivalence if and only if the map
is a topological quotient (the functor f is essentially surjective) and the square
is Cartesian (f is fully faithful). It is immediate to see that the induced map Co(G) → Co(G ′ ) on the coarse spaces is a homeomorphism.
Two groupoids G and G ′ are said equivalent if there exists a third groupoid G ′′ and equivalences
Given two maps f ′ : G ′ → G and f ′′ : G ′′ → G, we can define their fiber product G ′ × G G ′′ in the following way. Its objects are
where G ′′ is another topological groupoid, ε is an equivalence and f is an elementary map. A morphism is said representable if the groupoid
obtained as a fiber product of f and the atlas G ′ 0 → G ′ is a topological space (which happens if and only if the induced homomorphisms of groups Aut(x) → Aut(f 0 (x)) are injective for all x ∈ G ′′ 0 ). Definition 1.3. An orbisimplicial complex is a groupoid S such that S 0 and S 1 are simplicial complexes, s, t, u, i, m are simplicial maps, the restrictions of s, t to open stars are injective and the inverse image of every element of S 0 through the map S 1 −→ S 0 × S 0 is finite. We call orbisimplicial space its topological realization |S|. The virtual dimension of S and |S| is the dimension of S 0 and S 1 as simplicial complexes.
Let P is a poset groupoid, that is a groupoid whose objects P 0 and arrows P 1 are posets and such that s, t, u, i, m are maps of posets. For i = 0, 1 let P ′ i be the simplicial complex with vertices strictly ascending chains a 0 < a 1 < · · · < a k of elements of P i . Then, if the map P 1 −→ P 0 × P 0 has finite fibers and s, t restricted to open stars are injective, then P ′ is an orbisimplicial complex. Definition 1.4. An orbispace structure on a topological space X is a homeomorphism Co(G) ∼ → X, where G is a topological groupoid such that s, t are covering spaces and G 1 → G 0 × G 0 is proper. An orbispace is a topological space X together with an equivalence class of orbispace structures. Lemma 1.5. An orbisimplicial space |S| has a natural structure of orbispace.
This follows from the local developability of complexes of groups (see [BH99] , pp. 555-566).
Definition 1.6 ([Moe02]
). An orbifold structure on M is an orbispace structure Co(G) ∼ → M such that G 0 and G 1 are smooth manifolds and s, t, u, i, m are smooth maps. An orbifold is a topological space M together with an equivalence class of orbifold structures. Its virtual dimension is the dimension of G 0 and G 1 as manifolds.
Given a morphism of orbifolds
We say that a differentiable f is an open embedding (resp. a closed embedding, a closed immersion) if F 0 is.
It can be shown [MP99] that every orbifold Co(G)
where S is an orbisimplicial complex and ε is an equivalence. Definition 1.7. A homotopy between two morphisms of orbispaces f, g :
f and H 1 is equivalent to g. An orbispace has virtual homotopical dimension ≤ n if it is homotopy equivalent to an orbisimplicial space of virtual dimension ≤ n.
For every finite group G, the orbifold [•/G] has virtual homotopical dimension 0. Definition 1.8. The classifying space BG of an orbispace G is the realization of the topological category G.
Namely, BG is obtained as a realization of the simplicial topological space G • that has
for all k ≥ 1 with obvious face and degeneracy maps. Notice for instance that G 2 has maps v i to G 0 that associate
for i = 0, 1, 2. The condition of s, t being local homeomorphisms ensure that degeneration maps are cofibrations.
There is a natural map BG → G, which can be defined as follows. If we set
is an orbispace structure on BG. Thus, the commutativity of the following diagram
Clearly, the homological dimension of B[•/G] = BG is infinite if G contains an element of finite order different from the identity.
If G has virtual homotopical dimension ≤ n, then Co(G) is homotopy equivalent to a CW-complex of dimension ≤ n. Moreover, the composition BG → G → Co(G) induces an isomorphism in rational homology.
v * 2 L 0 of isomorphisms of local systems over G 2 commutes, where d i 's are the natural face maps.
A local system L on an orbispace G naturally induces a local system L ′ on its classifying space BG. Definition 1.10. If G is an orbispace and x ∈ G 0 , its homotopy groups π r (G, x) are the homotopy groups π r (BG, x) of its classifying space BG. If L is a local system on G, then set its homology groups to be H r (G; L) := H r (BG; L ′ ) and its cohomology groups to be H r (G;
If G has virtual homotopical dimension ≤ n and L is a Q-local system, then H r (G; L) and H r (G; L) vanish for all r > n.
for every local system of rational coefficients L on G and for all r > n.
About the fundamental group of some moduli spaces
In his fundamental paper [Har86] on the virtual cohomological dimension of the mapping class group, Harer was interested in moduli spaces which are K(G, 1)'s. In that case, our definition of virtual homotopical/homological dimension (see Definition 1.7 and Definition 1.11) reduces to the homotopical/homological dimension of the classifying space of a torsion-free subgroup of G of finite index. However, if our moduli spaces are not K(G, 1)'s, then this clearer and simpler definition is no longer available. In this short section we check that most partial compactifications of M g,n we are interested in are not K(G, 1)'s.
Proposition 2.1. The moduli space of Riemann surfaces with rational tails M rt g,n is a K(G, 1) only for (g, n) equal to (0, 3) or (g, 0), (g, 1), (g, 2) and g > 0.
Proof. In genus 0, we have M rt 0,n = M 0,n so that it is always simplyconnected and never a K(G, 1) (except in the trivial case n = 3). For g > 0, we have that M rt g,n = M g,n for n = 0, 1 and also that M rt g,2 is the universal curve over M g,1 . For n > 2 there is a topological fibration
is a projective variety of complex dimension n − 1. If n > 2, then F [C,P ] contains a rational curve, so that π 2 (F ) = 0 and π 2 (M rt g,n ) = 0. Proposition 2.2. The moduli space of irreducible stable Riemann surfaces M irr g,n is a K(G, 1) only if g = 0 (when it coincides with M 0,n ) and it is simply-connected otherwise.
Proof. Trivially M irr 0,n = M 0,n . Instead, for g ≥ 1 the mapping class group Γ g,n is generated by Dehn twists around nondisconnecting simple closed curves, so that M irr g,n is simply connected. However H 2 (M irr g,n ; Q) is not zero for g > 0 (see [AC98] ).
Proposition 2.3. The moduli space M ≤k g,n of stable Riemann surfaces with at most k rational components is a K(G, 1) only for (g, n, k) equal to (0, n, 1) (when it coincides with M 0,n ) and (1, n, 0) (when it coincides with M 1,n ) and it is simply-connected otherwise.
Proof. The genus 0 case is trivial because M ≤0 0,n is empty, M ≤1 0,n is equal to M 0,n and M ≤k 0,n is simply connected for k ≥ 2, but H 2 (M ≤k 0,n ; Q) = 0 for k ≥ 2. For g = 1 and k = 0 we have M ≤0 1,n = M 1,n . Instead, for g = 1 and k ≥ 1 or for g > 1 and k ≥ 0 the moduli space M ≤k g,n is simply connected because Γ g,n is generated by Dehn twists around nondisconnecting curves. One can check that in all these cases H 2 (M ≤k g,n ; Q) does not vanish.
Proposition 2.4. The moduli space M ct g,n of stable Riemann surfaces of compact type is a K(G, 1) only for (g, n) equal to (0, 3), (1, 1), (1, 2), (2, 0).
Proof. M ct 0,n is M 0,n and M ct 1,n is exactly M rt 1,n . An exceptional case is M ct 2,0 which coincides with A 2 , the moduli space of principally polarized Abelian varieties of dimension 2. For (g, n) greater or equal to (2, 2), (3, 1) or (4, 0) the moduli spaces M ct g,n contain a complete rational curve, so that π 2 (M ct g,n ) = 0. For (g, n) = (2, 1), (3, 0), one can notice that the maps into Deligne's torsors (see [HL97] 3), (1, 1), (1, 2) and (2, 0) .
Decorated graphs
In this section we define a class of decorated graphs and morphisms of graphs, which will encode the combinatorial structure of the stratification of the moduli space of stable Riemann surfaces by topological type.
Definition 3.1. Let P := {p 1 , . . . , p n }. A decorated P -marked graph G is the datum of (1) a couple (V, E) of finite sets (vertices and oriented edges) (2) a fixed-point-free involution ι : E → E (switching orientation) (3) a source map s : E → V (4) a genus map g : V → N (5) a marking map m : P → V . An edge is an element of E/ι.
An isomorphism of decorated P -marked graphs f : G 1 → G 2 is a couple of bijections f V : V 2 ∼ −→ V 1 and f E : E 1 ∼ −→ E 2 which are compatible with switching, source, genus and marking maps.
Decorated P -marked graphs may be represented as graphs with tails as in Fig. 1 . We will always assume that all our graphs are connected and stable.
Notation. Given a (connected) P -marked decorated graph G, we set h 1 (G) := 1 − |V | + |E/ι| and rc(G) := |g −1 (0)| (i.e. the number of genug 0 vertices). We call g(G) := h 1 (G) + v∈V g(v) the genus of G and dp(G) := |E/ι| the depth of G (i.e. the number of edges).
Given a graph G ′ = (V ′ , E ′ , ι ′ , s ′ , g ′ , m ′ ) and a subset of edges F ⊂ E ′ /ι, we can construct a new graph G ′′ = (V ′′ , E ′′ , ι ′′ , s ′′ , g ′′ , m ′′ ) in the following way. CallF the subset of E ′ that projects onto F and set E ′′ := E ′ \F and V ′′ := V ′ / ∼, where ∼ identifies s ′ (e) with s ′ • ι ′ (e) for all e ∈F . Define f V : V ′ ։ V ′′ and f E : E ′′ ֒→ E ′ in the obvious way and set
We say that G ′ is a degeneration of G ′′ and we will write G ′′ G ′ . One can check that G ′ is connected if and only if G ′′ is connected, that g(G ′′ ) = g(G ′ ) and that if G ′ is stable, then G ′′ is stable. Moreover connectedness and stability are obviously invariant under isomorphisms. Now on, by "graph" we will always mean an isomorphism class of graphs.
Definition 3.3. Let G(g, P ) be the set of all isomorphism types of connected stable decorated P -marked graphs of genus g. A system of graphs S of type (g, P ) is a nonempty subset S ⊂ G(g, P ). A system of graphs S is saturated if it has the following property: if G ′ ∈ S and G ′′ G ′ , then G ′′ ∈ S. Set dp(S) (resp. rc(S)) to be the maximum depth (the maximum number of vertices of genus zero) of a graph in S.
We can filter the set G(g, P ) by depth, setting F i G(g, P ) ⊂ G(g, P ) to be the system of all graphs of depth at most i for 0 ≤ i ≤ 3g − 3 + n. So we have an ascending filtration
where G 0 be the P -marked graph consisting of one P -marked vertex of genus g and no edges, and the last equality F 3g−3+n G(g, P ) = G(g, P ) is due to the connectedness and stability conditions.
Remark 3.4. The systems F i G(g, P ) are saturated for i = 0, 1, . . . , 3g − 3 + n. Moreover, if S ⊂ G(g, P ) is a saturated system, then
is either empty or saturated.
Definition 3.5. The system of P -marked graph of genus g of compact type CT (g, P ) ⊂ G(g, P ) is the subset of all graphs G with h 1 (G) = 0 (which are in fact trees). The system of graphs of genus g with at most k rational components RC ≤k (g, P ) ⊂ G(g, P ) is the subset of all graphs G with rc(G) ≤ k. The system of graphs of genus g with rational tails RT (g, P ) ⊂ CT (g, P ) is the subset of all graphs G that have a vertex of genus g. The system of irreducible graphs IRR(g, P ) ⊂ G(g, P ) is the subset of all graphs G with just one vertex.
One can check that CT (g, P ), RC ≤k (g, P ), RT (g, P ) and IRR(g, P ) are saturated. Moreover it is easy to compute dp(S) and rc(S), where S is one of the previous four systems.
System S of graphs dp(S) rc(S)
For g = 0 and n ≥ 3, we have RT (0, P ) = CT (0, P ) = G(0, P ) and
Stratification of moduli spaces of stable Riemann surfaces
In this section we stratify the moduli space of stable Riemann surfaces by topological type of the surface, indexing the locally closed strata by decorated graphs. Thus we can associate a partial compactification of M g,n made of strata of M g,n to every saturated system of graphs. Moreover we produce an explicit open cover of these partial compactifications and we study its combinatorics.
Let g and n be nonnegative integers such that 2g − 2 + n > 0. Consider the moduli space M g,P of Riemann surfaces Σ of genus g together with a P -marking P ֒→ Σ, where P = {p 1 , . . . , p n }.
Let M g,P be the Deligne-Mumford compactification of M g,P , obtained adding Riemann surfaces Σ with nodes such that the marked points sit in the smooth locus of Σ and every rational component of Σ contains at least three special points, that is points which are either marked or nodes.
Both moduli space M g,P and M g,P are orbifolds and M g,P is compact. The boundary ∂M g,P := M g,P \ M g,P is a normal crossing divisor.
One could take as atlas for M g,P the disjoint union [Σ] U Σ , where [Σ] ranges over all isomorphism classes of stable P -marked Riemann surfaces of genus g and U Σ ∼ = C 3g−3+n is a semi-universal deformation of Σ.
We are going to stratify M g,P by topological type, using P -marked decorated graphs of genus g.
Remark 4.1. It is clear that P -marked decorated graphs bijectively correspond to topological types to P -marked nodal Riemann surfaces, where every vertex of G corresponds to an irreducible component and every edge corresponds to a node. It is also clear that connected (resp. stable) graphs correspond to connected (resp. stable) Riemann surfaces.
Definition 4.2. The stratum M G of M g,P associated to a P -marked decorated graph G of genus g is the locally closed locus of Riemann surfaces whose topological type corresponds to G.
If G 0 is the graph with a vertex of genus g and no edges, then M G 0 is exactly M g,P . In general, the stratum M G inside M g,P is a locally closed suborbifold of complex codimension dp(G). Notice that the closure
For every G there is a natural map ξ G : M ′ G → M g,P which glues points marked by E according to ι. It is a closed immersion with image M G . Its restriction ξ G : M ′ G → M g,P is an embedding with image M G . Given a system of graphs S ⊂ G(g, P ) we will set M S ⊂ M g,P to be the union of the open strata M G corresponding to graphs G ∈ S. It is an open suborbifold of M g,P if and only if S is saturated. Now on, we will consider only saturated systems of graphs.
Example 4.3. The moduli space M RT (g,P ) (resp. M RC ≤k (g,P ) , M CT (g,P ) ) is exactly the moduli space of P -marked Riemann surfaces of genus g with rational tails M rt g,P (resp. with at most k rational components M ≤k g,P , of compact type M ct g,P ). M IRR(g,P ) is the moduli space M irr g,P of irreducible P -marked Riemann surfaces of genus g. Obviously M G(g,P ) is the whole M g,P .
Now we want to construct a suitable open cover
The existence of such a cover depends only on the fact that ∂M g,P is a normal crossing divisor. Nevertheless we will give an explicit description of it.
For every G ∈ G(g, P ) consider the normal bundle π G :
Pick a "tubular neighbourhood" ν G for every map ξ G with the following properties:
(1) ν G : N G −→ M g,P is a local diffeomorphism which extends ξ G •π G ; (2) the images of ν G and ν G ′ have nonempty intersection if and only if there exists some G ′′ such that both G and G ′ can degenerate to
. On every N G we can define the sheaf A(G) of vanishing curves: for every v ∈ N G such that ν G (v) = [C, P ] the stalk of A(G) v is the set of isotopy classes of simple closed curves {α [e] | [e] ∈ E/ι} on C \ P such that:
and vertices of G, which is compatible with genus, marking, source and target maps.
Endow every P -marked stable Riemann surface C with the unique hyperbolic metric of finite volume with cusps at the special points. For every isotopy class of simple closed curve α on C \ P , define its length ℓ C (α) to be the length of the shortest closed curve belonging to α in the hyperbolic metric. The systol of (C, P ), denoted by syst(C, P ), is the length of the shortest nontrivial simple closed curve on C \ P which does not bound a single cusp.
Given
We can choose ε to be small enough so that
Definition 4.4. For every G ∈ G(g, P ), the G-systol is a function syst G : N G −→ R that associates to every v with ν G (v) = [C, P ] the length of the shortest simple closed curve on C \ P that does not bound a single cusp and whose isotopy class does not belong to A(G) v .
By definition, syst G vanishes exactly on π
. Now fix positive numbers 0 < ε i , δ i < ε for i = 1, . . . , 3g − 3 + n such that ε i < δ i and δ i < ε i+1 .
For every G ∈ G(g, P ) of depth 3g−3+n, pick 0 < ε 3g−3+n < δ 3g−3+n < ε and set U G to be the locus of v ∈ N ε G such that syst G (v) > δ dp(G) and ℓ(α) < ε dp(G) for all α ∈ A(G) v . Call ν G : U G → M g,P the restriction of ν G . Choose ε 3g−3+n and δ 3g−3+n small enough, so that ν G is an open embedding.
Assume now that, for all values of i such that 0 < h < i ≤ 3g − 3 + n, we have chosen ε i , δ i 's and for all G ∈ G(g, P ) of depth i we have defined open suborbifolds U G ⊂ N G with the following properties:
(1) 0 < ε i < δ i and δ i < ε i+1 (2) the restrictions ν G : U G → M g,P are open embeddings.
For every G ∈ G(g, P ) of depth h, pick ε h , δ h small enough so that 0 < ε h < δ h < ε h+1 and the restriction ν G : U G → M g,P of ν G to the locus U G of v ∈ N ε G where syst G (v) > δ h and ℓ(α) < ε h for all α ∈ A(G) v is an open embedding. We will often identify U G with its image ν G (U G ).
The
Given S ⊂ G(g, P ) a saturated system of graphs, we can produce a similar cover
and so it has the same homotopy type. We can set U S,G := U G ∩ M (1) ℓ(α) < ε dp(G 0 ) for all α ∈ (A 0 ) [C,P ] (2) δ dp(G i−1 ) < ℓ(α) < ε dp(G i ) for all α ∈ (A i ) [C,P ] \ (A i−1 ) [C,P ] and all i = 1, . . . , k.
Such locus is nonempty as we can construct hyperbolic Riemann surfaces that satisfy the conditions above by glueing pair of pants in a suitable way. Now we prove the converse for a general S. It is sufficient to show that: if U S,G ∩ U S,G ′ is not empty and dp(G ′ ) ≥ dp(G), then either
. Then δ dp(G ′ ) < ℓ(α) < ε dp(G) , which is impossible because δ dp(G ′ ) > ε dp(G) . To complete the proof, pick G 0 . . . G k in a saturated S and suppose
is nonempty and we have three cases:
Actually, if S is saturated, we have only the third possibility. In any case, using hyperbolic geometry, we can construct a surface [C, P ] that belongs to
(1) in the first case, δ dp(G 0 ) > syst(C, P ) > ε dp(G ′ ) (2) in the second case, ε dp(G i ) > ℓ(α) for α ∈ A(G i ) [C,P ] and ε dp(G i+1 ) > syst G i (C, P ) > δ dp(G ′ ) (3) in the third case, ε > syst G k (C, P ) > δ dp(G ′ ) .
Such a [C, P ] cannot belong to U G ′ .
Reconstructing M S
Given S ∈ G(g, P ) a saturated system of graphs, we are interested in reconstructing the homotopy type of M S starting from the homotopy type of its building blocks M G and the combinatorics of S.
Consider the open cover U S of M o S defined in Section 4. We can form its associated semi-simplicial orbifold (U S ) • by setting
with the natural face maps 
which is in fact a homotopy equivalence.
(U S ) k for k ≥ 0 and i = 0, 1. We have the following diagram, in which every square is Cartesian: Remark 5.2. As S is finite and M G has the homotopy type of a finite orbisimplicial space, then the realization |(U red S ) • | has the homotopy type of a finite orbisimplicial space with a (p + q)-orbisimplex for every q-orbisimplex in every U S,G 0 ∩ · · · ∩ U S,Gp with G 0 , . . . , G p distinct elements of S.
We want to specialize the discussion above to our situation. We already know that U S,G ≃ −→ M G . Now consider a chain of graphs G 0 G 1 . . . U S,G k is made of |F S (G 0 , . . . , G k )| connected components and each of them is homotopy equivalent to a fiber bundle over M G k with fiber (S 1 ) dp(G k )−dp(G 0 ) . (1) ℓ(α) < ε dp(G 0 ) for all α ∈ A 0 (2) δ dp(G i−1 ) < ℓ(α) < ε dp(G i ) for all α ∈ A i \ A i−1 and i = 1, . . . , k
Proof
• is a different admissible flag, then V A• ∩ V A ′ • = ∅. In fact, suppose that [C, P ] belongs to the intersection and α ∈ (A i ) [C,P ] but α / ∈ (A ′ i ) [C,P ] for some i = 0, . . . , k − 1. Then we obtain δ dp(G i ) < ℓ(α) < ε dp(G i ) , which contradicts the choice of δ dp(G i ) and ε dp(G i ) .
{z ∈ C | |z| < ε dp(G 0 ) } dp
{z ∈ C | δ dp(G i−1 ) < |z| < ε dp(G i ) } dp(G i )−dp(G i−1 )
which are homotopy equivalent to (S 1 ) dp(G k )−dp(G 0 ) .
Now the fundamental result we need is the following. U S,G k has the homotopy type of an orbisimplicial space of dimension at most 4g − 4 + n − dp(G k ) − dp(G 0 ) + rc(G), and it "contributes" to |(U red S ) • | with simplices of dimension at most 4g − 4 + n + k − dp(G k ) − dp(G 0 ) + rc(G k ).
We get an upper bound for this dimension if:
(1) G 0 G 1 . . . G k is a complete chain, that is dp(G i ) = i for i = 0, . . . , k; (2) rc(G k ) = rc(S).
